The low-energy dynamical optical response of dimerized and undimerized spin liquid states in a one-dimensional charge transfer Mott insulator is theoretically studied. An exact analysis is given for the low-energy asymptotic behavior using conformal field theory for the undimerized state. In the dimerized state, the infrared absorption due to the bound state of two solitons, i.e, the breather mode, is predicted with an accurate estimate for its oscillator strength, offering a way to detect experimentally the excited singlet state. Effects of external magnetic fields are also discussed. 71.35.Cc, 75.10.Pq Recently, the optical activity of insulating magnets has been attracting intensive interests [1, 2, 3, 4] . Usually, the Mott insulator is considered to be inert in the lower energy region compared with the Mott gap. However, there are rich structures of the dielectric response of the insulating magnets in the infrared region as revealed by recent experiments in multiferroics [2, 3, 4] , which are explained partly by theories [5, 6] . The central concept there is the electro-magnon, i.e., the combined wave of spin and polarization, which can be detected both by neutron scattering experiment and optical absorption. There are basically two mechanisms for the optical activity due to the electro-magnons. One is due to the spin-orbit interaction [5] , which is believed to be the origin of the multiferroic behavior in RMnO 3 (R=Tb, Dy) [7] . The electro-magnon absorption has been first observed in these materials [2] . Although the spin current model based on the spin-orbit interaction [8] explains well the static polarization in RMnO 3 , it turned out that this mechanism gives too weak oscillator strength for the infrared absorption. The other mechanism is the exchange striction where the polarization is given by P = ij Π ij S i · S j in the absence of inversion symmetry at the center of the bond connecting the sites i and j [9] . This mechanism does not require the spin-orbit interaction, but usually gives rise to the two-magnon absorption. However, the recent finding is that it leads to the singlemagnon absorption in non-collinear spin structures [6] . This can be easily seen by writing S i = S i + δ S i , and consider the contribution to P linear in the fluctuation δ S i from the ordered moment S i . The linear terms cancels when S i and S j are collinear while they survive for the noncollinear structure.
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In this paper, we study theoretically the optical conductivity σ(ω) of the spin liquid state where the spin order is lost and the noncollinear spin structure is dynamically generated. For that purpose, we propose that the (quasi) one-dimensional (1D) charge transfer Mott insulator is an ideal arena where optical spectra provide a unique information on the quantum dynamics of the spins. In 1D spin liquids, spinon (spin-1 2 object) is the most fundamental particle [10] and the electro-spinon governs the infrared activity. Especially, in the undimerized state, the low-energy asymptotic behavior of σ(ω) can be analyzed by conformal field theory (CFT). Furthermore, in the dimerized state, it is shown that the magnetically silent singlet excitations can be detected by optical means with a precise prediction of the oscillator strength.
In the charge transfer compounds, the alternating stack of donor (D) and acceptor (A) molecules forms a chain. The simplified model for this system is the halffilled ionic Hubbard model [11] :
where ∆ is the difference between the energy levels of D and A, t i = t 0 + g ′ u i is the transfer integral modulated by the molecular displacement u i through the coupling constant g ′ , and φ i is the electric potential at the molecular site i. The other notations are standard. Neglecting t i , the ground state is the ionic Mott insulator with one electron on each site when U > ∆. On the other hand, the ground state is neutral for U < ∆, i.e., all the odd sites are fully occupied while the even ones are empty.
We are interested in the ionic state, and its effective spin Hamiltonian up to the linear order in u and φ is given as follows:
Because of the lack of inversion symmetry at the center of the bond connecting i and i+1, we have the polarization along the chain, which is given by the derivative of H eff with respect to the electric field: . Note that η = πη1/ √ 2 when K = 2. (b) Low-energy behavior of σ(ω) of the undimerized XXZ chain for K = 1, 4 3 , and 2 at T = 1 4π
, which is obtained from Eq. (9) by putting q = 0. The spinon velocity is given by v = πJa/2 = π/2 when K = 1. Due to the interaction effect, σ(ω) is enhanced at low energies as K is decreased. Note that CFT description is valid only if ω, T ≪ J = 1. In the limit of ω ≫ T , σ(ω) for K = 1 approaches to the constant value 2πη where a is the lattice spacing. In real materials such as TTF-CA and TTF-BA [12, 13] , the coupling to the molecular displacement u i leads to the dimerization u i = u 0 (−1)
i accompanied by the singlet dimer state, i.e., the spin-Peierls instability occurs below a transition temperature T SP . In this case, the uniform ferroelectric moment appears according to Eq. (3).
Let us now study the optical spectra in this system. From the Kubo formula, the optical conductivity σ(ω) is given by
where L is the total number of sites in the chain and C = a/( V u.c. ) with the volume of the unit cell V u.c. . Using the Jordan-Wigner transformation, the effective spin model in the absence of external fields is written as
where
Here f i and f † i denote the spinless fermions, and
The XY model with J z = 0 is equivalent to the free-fermion model. It can be analyzed exactly and gives a useful starting point to analyze the realistic case J z = J ⊥ . Supposing that the polarization operator for
), the optical conductivity σ(ω) is evaluated as
where ω 1 = 2gu 0 is the spin gap induced by the dimerization, while ω 2 = 2J is the bandwidth of the spinon dis-
2 ] and the Fermi distribution function is denoted by f (E) = (e E/T + 1) −1 with k B = = 1. The behaviors of σ(ω) are shown in Fig. 1 (a) . Note that in the undimerized state, σ(ω) ∝ ω 2 /T for ω ≪ T . This result for the non-interacting fermions should be modified by the interaction term, i.e., J z terms in Eq. (5). Physically, this term introduces the attractive interaction between the particle and hole, which leads to the excitonic effect and enhances σ(ω) at lower energies. In the weak-coupling limit, this many-body effect can be studied using field theoretical methods as described below and several theoretical predictions will be made.
It is well known that the low-energy physics of the undimerized Heisenberg chain is described by a Tomonaga-Luttinger (TL) model with a boson field Φ(x), which is equivalent to c = 1 CFT [10] . In addition, the polarization operator, i.e., the staggered dimerization operator, can be bosonized as
where ǫ(x) = (−1) i S i · S i+1 . Therefore, the continuum model for the dimerized Heisenberg chain Eq. (2) is given by the sine-Gordon Hamiltonian [14] :
where Π(x) is the canonical conjugate to Φ(x), which satisfies [Φ(x), Π(y)] = iδ(x − y), the coupling constant µ ∝ gu 0 , and K is the TL parameter. Here we have set a = 1 and the spinon velocity v = 1. In the present notation, the SU(2)-symmetric point (J ⊥ = J z ) corresponds to K = 1, while K > 1 to the easy-plane anisotropic case (J ⊥ > |J z |). In the high temperature region above T SP , the lattice displacement u 0 is zero and hence we can set µ = 0 in Eq. (8) . Then the model is reduced to the c = 1 CFT. Since the conformal weight of ǫ(x) is (∆,∆) = (K/4, K/4), the two-point correlation function behaves as ǫ(z)ǫ(0) ∼ 1/|z| K with z = τ + ix where τ = it is the imaginary time. Using the finite-size scaling argument, its retarded Green's function at finite temperature T is obtained as
2 ) with the Euler beta function B(x, y) [15] . From Eqs. (4) and (9), we obtain σ(ω) = −η 2 1 C ωImG R (0, ω) for several values of K as shown in Fig. 1 (b) . The optical conductivity is actually enhanced at low energies with a decrease in K, i.e., the increase in J z . Note that CFT description is valid only if ω and T are much smaller than v/a ∼ J. For ω ≪ T , we find that σ(ω) ∝ ω 2 T K−3 . It is consistent with our earlier analysis of the XY model corresponding to K = 2. On the other hand, we find σ(ω) ∝ ω K−1 for ω ≫ T . It is remarkable that σ(ω) is asymptotically constant at the Heisenberg point (K = 1). This constant is given by 2πη 2 1 Ca. It is possible to estimate the unknown coefficient η 1 from the experimentally observed σ(ω).
In the low temperature region below T SP , µ in Eq. (8) is nonzero and has a significant effect on the system. Fortunately, the model is still exactly solvable and one can apply powerful techniques such as the Bethe ansatz and form factor expansion [16] . Let us concentrate on the realistic K = 1 case at T = 0, where the spectrum of H SG consists of four quasi-particles, i.e., kink (s), antikink (s), and light (b1) and heavy (b2) breathers. The breathers are the bound states of the kinks and antikinks. Due to the hidden SU(2) symmetry, s,s, and b1 form a spin-triplet with the mass gap M while b2 is a spin-singlet with the mass √ 3M . The formula for the dimensionless gap M can be found in [17] :
where A ≈ 3.041 and Γ(x) denotes the Euler gamma function. Physically, it corresponds to the spin-Peierls gap divided by v/a = πJ/2. Suppose that the relation between the polarization density and the bosonic field is given by p(x) = η 1 cos( √ 2πΦ(x)). Then the spontaneous polarization can be expressed by M as
using the vacuum expectation value of the vertex operator e iβΦ [17] . Therefore, from the polarization measured in experiments, one can determine η 1 √ M exactly. Next, we introduce the form factors and discuss the optical conductivity at T = 0. The Fock space of the sine-Gordon model can be constructed from the creation operators for the quasi-particles:
, the creation operator for ǫ k = s,s, b1, or b2 with the mass M ǫ k , depends on the rapidity variable θ k which is related to the energy and momentum through the relations:
ǫi (θ i ) and A ǫj (θ j ) are neither bosons nor fermions and satisfy nontrivial commutation relations [10] . In this Fock space, the form factor of cos( √ 2πΦ) is defined as
The optical conductivity can be expressed in terms of the form factors as
To study the above expansion, it is useful to note that H SG is invariant under the charge conjugation, CΦC −1 = −Φ. From this symmetry and CA † b2 C −1 = A † b2 , the first nontrivial contribution stems from the heavy-breather form factor [14, 18, 19, 20] . The absolute square of this form factor is independent of the rapidity θ and is given by
From Eqs. (12) and (13), the optical conductivity due to the heavy breather is exactly given by
The next-leading contribution comes from the s-s continuum (see Fig. 1 (c) ). The threshold of this continuum is at ω = 2M . Therefore, the integrated intensity up to this threshold is given by
with the insertion of v and a. Combining this oscillator strength with the peak position located at ω = √ 3M , one can exactly determine the coefficient η 1 experimentally. At the same time, from the spontaneous polarization Eq. (11), one can also determine η 1 and compare it with that obtained from the oscillator strength. Therefore, the validity of the sine-Gordon theory can be tested by means of optical conductivity and spontaneous polarization measurements. Let us now estimate the actual value of the integrated intensity for TTF-BA. This compound shows the spin-Peierls transition below T SP = 53 K and the spontaneous polarization along b-axis is measured as P s ∼ 0.15µC/cm 2 [21] . Combining with J ∼ 170K [22] and V u.c. ∼ 8.4 × 4.3 × 11.6Å
3 [23] , we estimate the oscillator strength as , and 2 at T = 1 8π
. We use the unit v = a = 1. The location of ωc = 2πMzv/a is indicated. The imaginary part ofG R (q, ω) is nonzero in the shaded region of the right figure. Note again that CFT description is valid only if ω, T ≪ v = 1.
which can be measured by infrared absorption spectroscopy.
Next, we shall consider the effect of the Zeeman coupling term H mag = −gµ B H i S z i . As long as the magnetic field h = gµ B H is smaller than the spin-Peierls gap M , the singlet excitation (b2) is insensitive to the field while the energies of the triplet excitations (s,s, and b1) are split. On the other hand, if h > M , the one species of the triplet particles becomes gapless and a uniform magnetization M z = S z i appears. Its effective Hamiltonian is equal to a TL model with a new boson field
The polarization density can be rewritten asp(x) = η 1 cos( √ 2πΦ(x) − 2πM z x). Note that this TL-liquid state is adiabatically connected to that of the undimerized Heisenberg chain (u 0 = 0) under the magnetic field. The magnetization dependence of the TL parameter K in dimerized and undimerized Heisenberg chains can be found in [24] and [25] , respectively.
Applying CFT, we can again evaluate the correlation function of the polarization as in Eq. (9). The two-point correlator behaves as p(z)p(0) ∼ cos(2πM z x)/|z| K , and the retarded Green's function around the wavenumber q = 0 is represented asG Fig. 2 . Remarkably, in sufficiently low temperatures T ≪ v/a, σ(ω) starts from a finite frequency around ω c = 2πM z v/a. This is in sharp contrast to the gapless behavior in the zeromagnetization case [see Fig. 1 (b) ].
Lastly, we compare the above results with those of Raman scattering [26] . The Raman spectrum is proportional to the dynamical structure factor of R ∝ i S i · S i+1 for the spin chain Eq. (2) . For the dimerized case, the Hamiltonian does not commute with R and hence its spectrum is equivalent to the dynamical structure factor ofR ∝ i (−1) i S i · S i+1 . Therefore, the Raman scattering can also provide a spectrum with a singlet peak as has indeed been observed in CuGeO 3 [27] . However, we should note that it is difficult to theoretically predict the intensity of the Raman spectrum, in general, while we can evaluate that of the absorption with considerable accuracy as in Eq. (14) . Furthermore, the infrared absorption can detect gapless spinon excitations in the undimerized case where any contribution from spinons is absent in the Raman scattering since the operator R commutes with H eff with u i = 0.
In summary, we have studied the optical activity of the electro-spinons in the undimerized and dimerized quantum spin chains with S = 1 2 derived from the ionic Hubbard model. The scaling form of the low-energy σ(ω) is predicted by applying the conformal field theory in the undimerized case, and the exact estimate of the oscillator strength due to the singlet breather mode is given. These theoretical predictions can be tested in organic charge transfer Mott insulators.
